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Abstract—To ensure that each joint of redundant robot ma-
nipulators can return to its initial state when completes a closed-
path tracking task, a repetitive motion planning (RMP) scheme
is presented. On the basis of a quadratic programming (QP)
framework, this RMP can be equivalently converted into a linear-
variational-inequality (LVI) problem, and then into a piecewise
linear projection equation (PLPE). In this paper, three novel
numerical methods (i.e., M3, M5 and M6) and three traditional
numerical methods (i.e., 94LVI, E47 and M4) are exploited,
analyzed, and compared to solve PLPE, as well as RMP. The
convergence of M5 method is theoretically proved, and that
of M3 and M6 methods is analyzed by simulations. Moreover,
comparative simulations of two complex path tracking tasks
performed on a PUMA560 robot manipulator further verify the
feasibility and effectiveness of the proposed numerical methods.

Index Terms—Robot kinematics; Motion planning; Quadratic
programming; Complex path tracking

I. INTRODUCTION

Redundant robot manipulators contain extra degrees-of-

freedom (DOF) than needed to complete a motion planning

mission and thus have been researched widely in the past few

decades [1], [2]. With more DOF, redundant robot manipu-

lators possess abilities to complete complex tasks, such as

collision-free planning [3], [4], singular configuration avoid-

ance [5], [6], joint limit avoidance [2], [7], and planning cyclic
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motion while executing primary mission [1], [8], [9]. The

fundamental problem of operations of redundant robot manip-

ulators is the inverse kinematics [10]. However, there exists

multiple-solution problem because the number of kinematical

equations is less than the number of robot joint variables [11],

[12]. The conventional approach to handle this redundancy

problem is pseudo-inverse-based method [11], [12]. Never-

theless, if considering joint limits and joint-velocity limits,

the redundancy problem is generally subjected to equalities,

inequalities and other existing singularities. Unfortunately the

aforementioned pseudo-inverse method is unsuitable to handle

constraint problems described above [13].

Recently, a quadratic programming (QP) method is utilized

popularly to solve the redundancy resolution problems of robot

manipulators [14], [15]. On the basis of optimization theory,

the QP-based method contains the ability to handle constraint

problems. Therefore, the repetitive motion planning (RMP) of

redundant robot manipulators, which constructed by equalities

and inequalities, can be formulated under QP framework. Ac-

cording to [16], this QP-based RMP scheme can be converted

into a linear-variational-inequality (LVI) problem, and further

converted into a piecewise linear projection equation (PLPE).

Hence the complex motion planning problem is alluded to

equation solving problem which is relatively easy.

There are mainly two approaches to handle PLPE, as well

as the original RMP, i.e., the neural network method [1], [2],

[17]–[19] and the numerical method. In [19], a gradient neural

network (GNN) which based on non-negative energy equations

was proposed by Xia et al. to improve the effectiveness of

computation for solving PLPE. In recent years, a Zhang neural

network (ZNN) was proposed by Zhang et al. for solving

time-varying problems subjected to equalities and inequalities

[20]. Jin et al. utilized this Zhang neural dynamic method
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to solve joint-drift phenomenon of dual manipulators in [21].

Another approach is the numerical method [22]–[24]. Due

to the iterative property, the computation time of numerical

method is shorter than that of neural network method, and it is

convenient to control robot manipulators on discrete computer

and get pulse signal of drive motors. In [22] and [24], several

numerical methods were presented by He et al. to solve

PLPE. Another numerical method named 94LVI is proposed in

[23] for solving QP problems subjected to bound constraints,

and further applied to the motion planning of a planar robot

manipulator. Zheng et al. compared three numerical methods

(i.e., 94LVI, E47 and M4) for solving redundancy resolution

problems in [25]. Moreover, the complete theorems of 94LVI

and E47 methods to solve inequality constrained QP problems

were presented in [16].

In this paper, inspired by previous researches, three novel

numerical methods (i.e., M3, M5 and M6) and three traditional

numerical methods (i.e., 94LVI, E47 and M4) are exploited,

analyzed, and compared to solve the PLPE, as well as RMP,

which is further applied to plan the repetitive motion of

a PUMA560 manipulator. The remainder of this paper is

organized as follows. Section II gives the problem formulation

of the QP-based RMP for the redundant robot manipulators.

The equivalent relationships among the RMP, the LVI, and

the PLPE are theoretically analyzed in Section III. In Section

IV, three novel numerical methods (i.e., M3, M5 and M6

methods) are proposed. Meanwhile, three traditional numerical

methods (i.e., 94LVI, E47 and M4 methods) are also presented.

In Section V, all the six numerical methods are exploited to

solve RMP, and their solutions to a PUMA560 manipulator for

tracking two complex closed-paths are performed by computer

simulations. Finally, Section VI draws the conclusion and

looks forward to future work.

The main contributions of this paper are listed as follows

• Three novel numerical methods (i.e., M3, M5 and M6)

are proposed to solve repetitive motion planning of re-

dundant robot manipulators.

• The global convergence property of M5 method is the-

oretically proved, and that of M3 and M6 methods is

simulatively analyzed.

• Associating with three traditional methods (i.e., 94LVI,

E47 and M4), the iterative algorithm of all the six

numerical methods for solving repetitive motion planning

is demonstrated.

• Two complex closed-path tracking experiments verify the

feasibility and effectiveness of all the six numerical meth-

ods for solving RMP of redundant robot manipulators.

II. PROBLEM FORMULATION

Consider the forward kinematics of robot manipulators, i.e.,

R = F(θ) (1)

where R ∈ R
m denotes the position vector of end-effector;

θ ∈ R
n denotes the joint vector. Due to the nonlinearity

and redundancy, it is difficult to obtained the solutions from

(1) straightly. Thus we consider the first-order differential

equation, i.e.,

J (θ)θ̇ = Ṙ (2)

where Ṙ ∈ R
m and θ̇ ∈ R

n denote the end-effector velocity

vector and the joint velocity vector, respectively; J (θ) ∈
R

m×n is the Jacobian matrix. For a redundant manipulator, the

dimension of end-effector cartesian space m is less than the

dimension of the joint space n, hence the number of solutions

to (1) and (2) is infinite.

The conventional approach to handle the multi-solutions

problem is the pseudo-inverse method [26], i.e.,

θ̇ = J †(θ)Ṙ+ ξ
(I − J †(θ)J (θ)

)
(3)

where J †(θ) ∈ R
m×n denotes the generalized inverse of

J (θ); ξ ∈ R
n denotes an index for optimizing; term (I −

J †(θ)J (θ)) denotes the general solution to the homogeneous

equation J (θ)θ̇ = 0; I denotes the identity matrix.

However, the pseudo-inverse method (3) cannot solve the

problem with inequalities, bound constraints and singularities

[13]. In other words, the repetitive motion planning of the

end-effector cannot be guaranteed by utilizing pseudo-inverse

method. According to [14], [27], a QP framework which takes

the drift-free criterion into consideration is proposed recently.

This method requires each of the joint angle return to the initial

state when finishing a closed-path tracking task. The drift-free

criterion can be expressed as

(θ̇ + C)T(θ̇ + C)/2 (4)

where C = λ(θ(t) − θ(0)); λ > 0 is a coefficient designed

to scale the magnitude of manipulator’s response to the drift

joint θ(t)− θ(0). Combining repetitive motion planning with

joint limits, the following QP-based minimization problem is

obtained, i.e.,

min. (θ̇ + C)T(θ̇ + C)/2 (5)

s.t. J (θ)θ̇ = Ṙ (6)

θ− � θ � θ+ (7)

θ̇− � θ̇ � θ̇+ (8)

where θ+ and θ− denote the upper/lower joint limits, respec-

tively; θ̇+ and θ̇− denote the upper/lower joint-velocity limits,

respectively.

Based on [28], by utilizing an intensity coefficient υ > 0,

the dynamic constraint of joint-velocity can be obtained as

υ(θ− − θ) � θ̇ � υ(θ+ − θ) (9)

where coefficient υ guarantees that the feasible region gener-

ated by constraint (8) is larger than that of constraint (9).

Remark 1. Mathematically, coefficient υ is determined as υ �
max1�i�n = {(θ̇+i −θ̇−i )/(θ

+
i −θ−i )}, and the feasible regions

of (8) and (9) can be combined as

ζ− � θ̇ � ζ+ (10)
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where ζ−i = max{θ̇−i , υ(θ−i − θi)}; ζ+i = min{θ̇+i , υ(θ+i −
θi)}; i denotes the i-th joint.

Proof: The dynamic constraint (9) restrains joint-velocity

θ̇ by considering current joint θ and its upper/lower joint limits

θ+ and θ−. There exists two cases.
• Caes 1: When joint θ increases/decreases and tends to its

upper/lower joint limits, the upper/lower bounds of dynamic

constraint (9) will tend to zero. In other words, the joint-

velocity θ̇ will tend to zero and manipulators will stop moving.
• Caes 2: When joint θ reaches its upper/lower joint limits,

the upper/lower bounds of dynamic constraint (9) are θ̇ ≤
0 and θ̇ ≥ 0, respectively. In other words, joint θ will not

increase/decrease anymore. Therefore, θ will never exceed its

secure limit.
In conclusion, the RMP of redundant robot manipulators

can described be as follows

min. θ̇TI θ̇/2 + CTθ̇ (11)

s.t. J (θ)θ̇ = Ṙ (12)

ζ− � θ̇ � ζ+ (13)

Moreover, on the basis of dual decision theorem [29], the

dual form of RMP (11)-(13) is

max. −θ̇TI θ̇/2 + �TṘ+ ℘−Tζ− − ℘+Tζ+ (14)

s.t. I θ̇ + C = J T(θ)�+ ℘− − ℘+ (15)

� arbitrary, ℘− ≥ 0, ℘+ ≥ 0 (16)

where dual decision variable � satisfies equality constraint

(12); dual decision variables ℘− and ℘+ satisfy inequality

constraint (13).

III. EQUIVALENT THEOREMS

In this section, two theorems are proposed to demonstrate

the equivalent relationships among the repetitive motion plan-

ning (RMP), the linear-variational-inequality (LVI) problem,

and the piecewise linear projection equation (PLPE).

Theorem 1. (Equivalence between RMP and LVI)
Suppose that there exists an optimal solution θ∗ ∈ R

n to RMP
(11)-(13). Then RMP (11)-(13) is equivalent to a LVI problem
which is to find a vector U∗ ∈ Ω = {U | U− � U � U+} ⊂
R

n+m such that

(U − U∗)T(MU∗ + q) � 0, ∀ U ∈ Ω (17)

where the primal-dual vector U ∈ R
n+m and the upper/lower

bounds U+, U− ∈ R
n+m are respectively defined as

U =

[
θ̇
�
]
, U+ =

[
ζ+

ωl

]
, U− =

[
ζ−

−ωl

]
∈ R

n+m. (18)

In (18), l := [1, ..., 1]T denotes a m-dimensional vector
whose elements are positive integer 1, and ω >> 0 ∈ R

m

is defined to replace +∞ numerically. Coefficient matrix M
and vector q are respectively defined as

M =

[I −J T

J 0

]
∈ R

(n+m)×(n+m)

q =

[ C
−Ṙ

]
∈ R

n+m.

(19)

Proof: See Theorem 1 in [16].

Theorem 2. (Equivalence between LVI and PLPE)
Suppose there exists an optimal solution θ̇∗ ∈ R

n to RMP (11)-
(13), LVI problem (17) is equivalent to the following PLPE

PΩ

(U − (MU + q)
)− U = 0 (20)

where PΩ(·) : Rn+m → Ω is a piecewise-linear projection
operator, with the i-th element defined as

(PΩ(U)
)
i
=

⎧⎪⎨
⎪⎩
U−
i , if Ui < U−

i

Ui, if U−
i � Ui � U+

i

U+
i , if Ui > U−

i

where i = 1, 2, ..., n + m; M, U , and q are defined as the
same to (18) and (19).

Proof: See Theorem 2 in [16].

IV. NUMERICAL METHODS

In this section, three traditional numerical methods (i.e.,

94LVI, E47, and M4) in [24], [25] and three novel numerical

methods (i.e., M3, M5 and M6) are introduced to solve PLPE

(20), as well as the original RMP (11)-(13). Furthermore, the

upper bound of numerical sequence is theoretically analyzed,

and the global convergence property of M5 method is sincerely

proved.

A. Iterative Algorithm

Note that the iterative equation of numerical methods is

Uk+1 = Uk − ρ(Uk)Qe(Uk). (21)

With different step length ρ(Uk) and matrix Q, the follow-

ing six numerical methods can be obtained.

� 94LVI method:
For symmetric M ≥ 0,

Q = I, ρ(Uk) =
‖e(Uk)‖22

e(Uk)T(I +M)e(Uk)
. (22)

� E47 method:
For symmetric M > 0,

Q = M−1, ρ(Uk) =
‖e(Uk)‖22

e(Uk)T(I +M−1)e(Uk)
. (23)

� M3 method:
For symmetric M > 0,

Q = I +M−1, ρ(Uk) =
‖e(Uk)‖22

‖(I +M−1)e(U)‖2I+M
. (24)

� M4 method:
For M > 0 but not necessarily symmetric,

Q = (I +M)−1, ρ(Uk) = 1. (25)

� M5 method:
For M > 0 but not necessarily symmetric,

Q = MT, ρ(Uk) =
‖e(Uk)‖22

‖e(U)‖2M(I+MT)

. (26)
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� M6 method:
For M > 0 but not necessarily symmetric,

Q = I +M−1, ρ(Uk) =
‖e(Uk)‖22

‖e(U)‖2M(I+MT)

. (27)

In conclusion, the iterative algorithm for solving PLPE (20)

as well as the original RMP (11)-(13) can be obtained as

Algorithm 1.

Algorithm 1 Iterative Algorithm of RMP (11)-(13)

Require:
coefficients I, C, Ṙ, ζ−, ζ+, initial value θ̇(0);

Ensure:
optimal solution θ̇∗;

1: Generate M, q, U+, U− via (17) and (18);

2: Set k = 0, generate U0 from θ̇(0) via (17);

3: Compute e(Uk). If Uk ∈ Ω∗ [i.e., theoretically e(Uk) =
0, but practically ‖e(Uk)‖2 ≤ 10−3], then go to Step 6.

Otherwise, go to Step 4;

4: Compute


 for 94LVI method, generate Q and ρ(Uk) via (22);


 for E47 method, generate Q and ρ(Uk) via (23);


 for M3 method, generate Q and ρ(Uk) via (24);


 for M4 method, generate Q and ρ(Uk) via (25);


 for M5 method, generate Q and ρ(Uk) via (26);


 for M6 method, generate Q and ρ(Uk) via (27);

� Uk+1 = Uk − ρ(Uk)Qe(Uk);
5: Increase k by one, go to Step 2;

6: Output θ̇∗ which is consisted by the first n elements of

Uk;

B. Theoretical Analysis

Theorem 3. (Sequence Theorem)
For ∀ U ∈ Ω, sequence {Uk} generated by each method of all
the above six numerical methods (22)-(27) for solving PLPE
(20) satisfies

‖Uk+1 − U∗‖2G ≤ ‖Uk − U∗‖2G − ρ(Uk)‖e(Uk)‖22 (28)

where G = I + (MT)−1.

Proof: Firstly, the iterative error function of PLPE (20)

is defined as

e(Uk) = Uk − PΩ

(Uk − (MUk + q)
)
. (29)

Considering the following relationship

‖Uk+1 − U∗‖2G = ‖(Uk − U∗)− ρ(Uk)Qe(Uk)‖2G
= ‖Uk − U∗‖2G − 2ρ(Uk)(Uk − U∗)TGQe(Uk)

+ ρ2(Uk)e(Uk)TQTGQe(Uk) (30)

where ρ(Uk)e(Uk)TQTGQe(Uk) = ‖e(Uk)‖22 and GQ = I +
MT.

Eq. (30) can be rewritten as

‖Uk+1 − U∗‖2G = ‖Uk − U∗‖2G + ρ(Uk)‖e(Uk)‖22
−2ρ(Uk)(Uk − U∗)T(I +MT)e(Uk).

Based on projection property in [30], we have(
υ − PΩ(υ)

)T(PΩ(υ)− γ
) ≥ 0, υ ∈ R. (31)

By setting υ = Uk − (MUk + q), γ = U∗, and in view of

(29), the following inequality can be obtained, i.e.,(PΩ(Uk − (MUk + q)− U∗)
)T(

e(Uk)− (MUk + q)
) ≥ 0.

It follows from the above that(PΩ

(Uk − (MUk + q)− U∗))T
e(Uk)

≥ (PΩ

(Uk − (MUk + q)− U∗))T
(MUk + q)

and then(Uk − e(Uk)− U∗)T
e(Uk) ≥(PΩ

(Uk − (MUk + q)− U∗))T
(MUk + q),

and thus

(Uk − U∗)Te(Uk) ≥ ‖e(Uk)‖22
+
(PΩ

(Uk − (MUk + q)− U∗))T
(MUk + q). (32)

Also note that

(Uk − U∗)TMTe(Uk)

= e(Uk)T(MUk + q)− e(Uk)T(MU∗ + q). (33)

Combining (32) and (33), we have

(Uk − U∗)T(I +MT)e(uk) ≥ ‖e(Uk)‖22
+ (Uk − U∗)T(MUk + q)− e(Uk)T(MU∗ + q)

= ‖e(Uk)‖22 + (Uk − U∗)T(MUk + q)

− (U∗ − PΩ

(Uk − (MUk + q)
))T

(MU∗ + q)

− (Uk − U∗)T(MU∗ + q)

= ‖e(Uk)‖22 +
(PΩ

(Uk − (MUk + q)
)− U∗)T

(MU∗ + q)

+ (Uk − U∗)TM(Uk − U∗)
≥ ‖e(Uk)‖22

+
(PΩ

(Uk − (MUk + q)
)− u∗)T

(MU∗ + q). (34)

By setting υ = U∗−(MU∗+q) and γ = PΩ

(Uk−(MUk+
q)
)
, in view of U∗ = PΩ

(U∗ − (MU∗ + q)
)
, it follows from

projection property (31) that(PΩ

(Uk − (MUk + q)
)− U∗)T

(MU∗ + q) ≥ 0 (35)

and thus (34) yields

(Uk − U∗)T(I +MT)e(Uk) ≥ ‖e(Uk)‖22. (36)

Considering (31) and (36) together, then the following

relationship holds true, i.e.,

‖Uk+1 − U∗‖2G ≤ ‖Uk − U∗‖2G
− 2ρ(Uk)‖e(Uk)‖22 + ρ(Uk)‖e(Uk)‖22

≤ ‖Uk − U∗‖2G − ρ(Uk)‖e(Uk)‖22.
Therefore, the sequence {Uk} generated by all the six

numerical methods (22)-(27) for solving PLPE (20) satisfies

‖Uk+1 − U∗‖2G ≤ ‖Uk − U∗‖2G − ρ(Uk)‖e(Uk)‖22 (37)
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and the proof is thus complete.

Theorem 4. (Convergence Theorem)
For ∀ U ∈ Ω, sequence {Uk} generated by M5 method (26)
converges to an optimal solution u∗ ∈ Ω∗ to PLPE (20), with
its first n elements consisting the optimal solution to RMP
(11)-(13).

Proof: Firstly, note that ρ(Uk) is bounded below in (26).

Therefore, there exits a sufficiently small constant σ > 0, and

it follows from Theorem 3 that

σ‖e(Uk)‖22 ≤ ‖Uk − U∗‖2G − ‖Uk+1 − U∗‖2G , ∀ U∗ ∈ Ω (38)

with k = 0, 1, 2, 3, ..., we have

σ‖e(U0)‖22 ≤ ‖U0 − U∗‖2G − ‖U1 − U∗‖2G
σ‖e(U1)‖22 ≤ ‖U1 − U∗‖2G − ‖U2 − U∗‖2G
σ‖e(U2)‖22 ≤ ‖U2 − U∗‖2G − ‖U3 − U∗‖2G

...

σ‖e(U j)‖22 ≤ ‖U j − U∗‖2G − ‖U j+1 − U∗‖2G
...

Adding up all the inequalities above leads to the following

result, i.e.,

σ

+∞∑
k=0

‖e(Uk)‖22 ≤ ‖U0 − U∗‖2G − lim
j→∞

‖U j+1 − U∗‖2G

≤ ‖U0 − U∗‖2G
(39)

which can be rewritten as

+∞∑
k=0

‖e(Uk)‖22 ≤ ‖U0 − U∗‖2G
σ

< +∞. (40)

Hence, there exits a positive value α ∈ [0, ‖U0 − U∗‖2G/σ]
satisfies

lim
g→∞

g∑
k=0

‖e(Uk)‖22 = α. (41)

According to the definition of series convergence, sum-

mation sequence limg→∞
∑g

k=0 ‖e(Uk)‖22 is convergent, and

thus

lim
k→∞

‖e(Uk)‖22 = 0 (42)

i.e.,

lim
k→∞

e(Uk) = 0. (43)

With U∗ ∈ Ω∗ denoting an optimal solution to PLPE (20) as

well as LVI problem (17), and in view of limk→∞ ‖e(Uk)‖22 =
limk→∞ ‖Uk − U∗‖22 = 0, we can draw the conclusion that

e(U∗) = 0 and limk→∞ Uk = U∗.

Based on the definition of U , for RMP (11)-(13), we know

that θ̇∗ constitutes the first n elements of U∗. According to

the definition of two-norm, we have

‖Uk − U∗‖22 = ‖θ̇k − θ̇∗‖22 + ‖�k −�∗‖22. (44)
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Fig. 1. Two complex tracking paths in simulation. (a) Four-petals path. (b)
Five-pointed-star path.

TABLE I
JOINT LIMITS (RAD) OF PUMA560 MANIPULATOR

Joint 1 2 3 4 5 6

θ+ 2.7751 0.7504 3.1415 2.9671 0.0349 3.1416

θ− -2.7751 -3.1416 -0.9058 -1.9199 -1.7453 -3.1416

For (44), with ‖ · ‖22 ≥ 0, we can draw the conclusion that

limk→∞ ‖θ̇k − θ̇∗‖22 = 0. Thus limk→∞ θ̇k = θ̇∗, that is to

say, the first n elements of U∗ constitute the optimal solution

θ̇∗ to RMP (11)-(13). The proof is thus complete.

Remark 2. The global convergence properties of 94LVI, E47
and M4 are theoretically proved in [24], and of M3 and M6
are synthesized from experiment results.

V. SIMULATIVE EXPERIMENTS

In this section, simulative experiments for solving RMP

(11)-(13) are performed to verify the effectiveness of three

proposed methods, i.e., M3, M5 and M6. For comparison, the

results of traditional 94LVI, E47 and M4 methods are also

presented.

The simulative experiments are performed on a PUMA560

robot manipulator (6-DOF), whose initial state is defined as

θ(0) = [0;−π/4; 0;π/2;−π/4; 0] (rad), and joint-velocity

limits are [−1.5, 1.5] (rad/s). The joint limits of PUMA560

manipulator are shown in Table I.

Two complex closed-paths (as shown in Fig. 1) are in-

troduced to the experiments. The manipulator is expected to

perform a drift-free repetitive motion, i.e., every joint of this

manipulator can return to the initial state after completing a

whole cyclic motion.

A. Four-petals Path Tracking

Firstly, a comparison between different values of λ is

presented. In section II, we have discussed this drift-free

criterion, where λ = 0 denotes no consideration of drift-

free and λ = 4 (or another nonzero value) is converse. In

this comparative simulation, the RMP (11)-(13) is solved by

94LVI method (22), and the execution time for once whole

path tracking is set as T = 15s. The results are showed

in Fig. 2. It is obvious that every joint of PUMA560 can

return to the initial state while taking the drift-free criterion
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into consideration, hence it is an important precondition for

repetitive motion planning.
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Fig. 2. Simulative results of drift-free criterion in four-petals path tracking.
(a) λ = 0. (b) λ = 4.
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Fig. 3. Joint angles and joint velocities of PUMA560 synthesized by RMP
with λ = 4 and 94LVI method (22) for tracking the four-petals path. (a) Joint
angles. (b) Joint velocities.

TABLE II
COMPUTER TIME (S) OF SIX NUMERICAL METHOD FOR TRACKING THE

FOUR-PETALS PATH

# 94LVI E47 M3 M4 M5 M6
1 12.7033 6.7373 66.6818 12.1739 43.2422 10.2233
2 12.9577 6.6513 66.5541 12.4580 43.3659 9.2305
3 12.6965 6.5839 66.2483 12.2679 43.1694 10.1234
4 12.7099 6.3853 65.8536 12.2377 43.1647 9.9262
5 12.6709 6.4012 66.1385 12.4111 43.1489 10.3983

Secondly, Fig. 3 reveals joint angles and joint velocities of

PUMA560 during the whole tracking process. By contrasting

to Table I, we find that there are no joints exceed physical

limits, and joint velocities are at the range of [−1.5, 1.5]
(rad/s).

Thirdly, we employ all the six numerical methods to solve

PLPE (20) as well as RMP (11)-(13). The compute time, joint

drift and end-effector position error in the complex closed path

tracking process are presented and analyzed. The compute time

of all the six numerical methods are listed in Table II. Note

that E47 method (23) costs the least time, while M3 method

(24) costs the most. 94LVI, M4 and M6 methods also have

a considerable computation speed. Table III shows the joint

drift between initial state and final state. As can be seen from

Table III, every joint drift of PUMA560 is less than 10−5

(rad). Hence, it is reasonable to say that all the six numerical

methods can plan the repetitive motion for redundant robot

manipulators.
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Fig. 4. The end-effector position errors of PUMA560 synthesized by all the
six numerical methods. (a) 94LVI. (b) E47. (c) M3. (d) M4. (e) M5. (f) M6.

Moreover, Fig. 4 shows the end-effector position error of

each numerical method, which is defined as ε = r − f(θ);
εx, εy and εz denote the error in X , Y and Z direction,

respectively. From Fig. 4, we notice that for each numerical

method the end-effector position error is less than 10−5 (m),

and thus we can conclude that all the six numerical methods

can effectively solve RMP (11)-(13) for redundant robot of

manipulators.

B. Five-pointed-star Path Tracking

Similar to simulation of four-petals path tracking, we also

analyze the compute time, joint drift and end-effector position

error in five-pointed-star path tracking.

Firstly, Fig. 5 demonstrates joint angles and joint velocities

of PUMA560 during the whole five-pointed path tracking

process. By contrasting to Table I, simulation result shows

that joint angles and joint velocities are at feasible ranges.

Secondly, the comparison of compute time among the six

numerical methods is presented in Table V. Similarly, E47

method (23) costs the least time of computation. 94LVI, M4

and M6 methods also have good performance, while M3 and
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TABLE III
JOINT DRIFTS (M) OF SIX NUMERICAL METHODS FOR TRACKING THE FOUR-PETALS PATH

Joint-drift 94LVI E47 M3 M4 M5 M6

θ1(15)− θ1(0) −5.0160× 10−6 −2.8086× 10−6 −6.3589× 10−6 −4.3697× 10−6 −4.4284× 10−6 −4.3840× 10−6

θ2(15)− θ2(0) −2.3883× 10−6 −1.8801× 10−6 −5.3472× 10−6 −5.0057× 10−6 −1.8268× 10−6 −2.7357× 10−6

θ3(15)− θ3(0) −2.1117× 10−6 −4.5231× 10−6 3.2700× 10−6 −3.0729× 10−6 −3.6114× 10−6 −3.9413× 10−6

θ4(15)− θ4(0) −2.3928× 10−6 2.3173× 10−6 2.5634× 10−5 2.4521× 10−5 2.3452× 10−6 2.3366× 10−5

θ5(15)− θ5(0) −6.2540× 10−6 5.6179× 10−6 −9.2761× 10−6 −8.1923× 10−6 −5.5667× 10−6 −5.8205× 10−6

θ6(15)− θ6(0) 0 0 0 0 0 0
‖θ(15)− θ(0)‖2 2.5436× 10−5 2.4504× 10−6 2.8686× 10−6 2.6695× 10−5 2.4839× 10−5 −2.4941× 10−5

TABLE IV
JOINT DRIFTS (M) OF SIX NUMERICAL METHODS FOR TRACKING THE FIVE-POINTED-STAR PATH

Joint drift 94LVI E47 M3 M4 M5 M6

θ1(15)− θ1(0) 6.0699× 10−6 1.2740× 10−5 1.3497× 10−5 1.1264× 10−5 1.0313× 10−5 6.3533× 10−6

θ2(15)− θ2(0) −7.1712× 10−6 −1.9946× 10−5 −1.9219× 10−5 −1.8383× 10−5 −1.9629× 10−5 −9.3808× 10−6

θ3(15)− θ3(0) −3.3858× 10−5 −6.8786× 10−5 6.9262× 10−5 −7.1534× 10−5 −6.9258× 10−5 −3.2785× 10−5

θ4(15)− θ4(0) 1.4662× 10−4 3.0442× 10−4 3.0425× 10−4 3.0352× 10−4 3.0426× 10−4 1.4699× 10−4

θ5(15)− θ5(0) 2.2988× 10−5 5.0995× 10−5 5.1306× 10−5 5.3095× 10−5 5.1891× 10−5 2.1713× 10−5

θ6(15)− θ6(0) 0 0 0 0 0 0
‖θ(15)− θ(0)‖2 1.5254× 10−4 3.1711× 10−4 3.1709× 10−4 3.1706× 10−4 3.1171× 10−4 1.5259× 10−4
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Fig. 5. Joint angles and joint velocities of PUMA560 synthesized by RMP
with λ = 4 and 94LVI method (22) for tracking the five-pointed-star path.
(a) Joint angles. (b) Joint velocities.

M5 methods cost more time in computation relatively. Table

IV shows joint drift of PUMA560 between initial state and

final state. Note that all the joint drift are less than 10−4 (rad),

that is to say, all the six numerical methods can complete the

repetitive motion planning in five-pointed-star path tracking.

As can be seen from Fig. 6, the end-effector position error

of PUMA560 in five-pointed star tracking process solved by

all the six numerical methods are less than 6 × 10−6 (m),

The simulation results verify the effectiveness of all the six

numerical methods to solve RMP (11)-(13) for redundant robot

manipulators.

In summary, from the four-petals path and five-pointed-star

path tracking simulations, we can draw the conclusion that all

the aforementioned six numerical methods can complete RMP

(11)-(13) for redundant robot manipulators with considerable

accuracy. What is more, 94LVI, E47, M4 and M6 methods

have faster computation time than M3 and M5 methods.

VI. CONCLUSION

In this paper, three novel numerical methods have been

designed, investigated and analyzed to plan repetitive motion

TABLE V
COMPUTE TIME (S) OF SIX NUMERICAL METHODS FOR TRACKING THE

FIVE-POINTED-STAR PATH

# 94LVI E47 M3 M4 M5 M6
1 13.6875 8.8499 65.5533 11.0472 39.3510 12.3424
2 13.0835 8.8451 65.9408 11.3323 39.2237 12.0653
3 12.9111 9.1316 65.5894 11.6565 38.8590 12.0275
4 13.2046 9.0251 65.8957 11.8247 38.9912 11.6947
5 13.2639 9.0084 65.8150 11.1456 39.0178 11.9011

of redundant robot manipulators. Without loss of generality,

the global convergence property of M5 method has been theo-

retically proved, and that of M3 and M6 methods has been ana-

lyzed by computer simulations. Furthermore, associating with

three traditional methods, the computation time, joint-drifts

and end-effector position errors among all the six numerical

methods have been demonstrated and compared. Simulation

results have verified that all the six numerical methods can

complete the complex closed cyclic motion planning mission

with nice accuracies.

Our future work is to summarize and compare the practical

application results of several existing neural network meth-

ods and numerical methods for solving kinematics resolution

problems of redundant robot manipulators, and try to optimize

these algorithms.
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